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LXXIV. Spherical Trigonometry reduced to 
Plane, by Fran cis> Blake, Efq. F. R. S. 

Read May 7 , yx is obfervable, that the -analogies of 
l 7S 2 - J^ fpherical trigonometry, exclufive of the 
terms co -fine and co -tangent, are applicable to plane, 
by only changing the expreffion, fine or tangent of 
fide, into the fingle word, fide * : fo that the bufinefs - 
of plane trigonometry, like a corollary to the other, 
is thence to be inferr'd. And the reafon of this is 
obvious ; for analogies raifed not only from the con- 
sideration of a triangular figure, but the curvature 
alfo, are of confequence more general j and tho' the 
Matter mould be held evanefcent by a diminution of 
the furface, yet what depends upon the triangle, will 
neverthelefs remain. Thefe things may have been 
obferved, I fay ; but upon revifing the fubject, it fur- 
ther occurr'd to me, and I take it to be new, that from 
the axioms of only plane trigonometry, and almofl 
independent of folids, and the doctrine of the fphere, 
the fpherical cafes are likewife to be folved. 

Suppofe, firft, that the three fides of a fpherical 
triangle, a b d (Fig. 1.) are given to find an angle, a - t 
which cafe will lay open the method, and lead on 
to the other cafes, in a way, that to me appears the 
moft natural. It is allow'd, that the tangents, a <?, 
a /, of the fides, ad,at>, including an angle, a, make 
a plane angle equal to it j and it is evident, that the 
other fide, db t determines the angle made by the 
fecants ce, cf, at c the centre of the fphere ; whence 
the diftance, ef, betwixt the tops of thofe fecants, is 

K k k given 

* See M. De la Caille's remark at the end of the fpherical trigono- 
metry prefix'd to his Elements of Aftronoroy. 
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given by cafe the fifth of oblique plane triangles (fee 
Heynes's Trigonom.) which, with the aforefaid tan- 
gents, reduces it to cafe the 6th of oblique plane tri- 
angles alfo*: and thus this nth cafe of oblique tri- 
angles, fo intricate hitherto, becomes perfectly eafy. 
The 1 2th cafe is reducible to the 1 1 th, and the reft, 
whether right-angled, or oblique, we are authorifed 
to look upon as reducible to right-angled triangles, 
whofe fides are not quadrants, but either greater or 
lefs than fuch. Conceive therefore, now, in a right- 
angled fpherical triangle, gkh (Fig. a.) that the tan- 
gent, gm, and fecant, em, of either leg, g k, is al- 
ready drawn ; and in the point, m y of their union, 
draw a perpendicular, m /, to e m, the' fecant, di- 
rectly above the other leg, viz. a perpendicular to 
the plane of the fecant and tangent, that it may be 
perpendicular to both {Eucl. 4, n) , for then will 
the tangent, gl, of the hypothenufe, gh, drawn 
from the fame point, which that of the leg was, 
conftantly terminate in the perpendicular line, that 
the radius and tangent may make a right-angle (EucL 
18, 3). Whence thefe tangents, g m, g\ and the 
perpendicular line, ml, together with the fecants, 
cm, c /, will evidently form two right-angled plane 
triangles, gml, cm I', and to one or other of thefe 
the fpherical cafes are eafily transferr'd. Thus, if in 
the fpherical triangle, g k b> the hypothenufe, g h y 
bafe, g k, and angle, g, at the bafe, be the parts 
given and required, when any two are given, the 

third 



* The angle to be found in this cafe muft always be that fonxwJ 
kythe two tangents. 
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third may be determined by means of a plane trian- 
gle ; and at a fingle operation. We have, for in* 
fiance, in the right-angled ptane triangle, gml, 
formed as above, the bafe, gm s and hypothenufe, 
gl, to find, by cafe the fth of right-angled plane 
triangles, the angle included, which is the fame as 
on the fphere. And then if the bafe, g £, the angle, 
g, at the bafe, and perpendicular, k h, be the fpheri- 
cal parts given and required ; or if the angles, g and 
/?, and the hypothenufe, g b, be the parts given and 
required, we have only that former proportion of 
the hypothenufe and bafe, and angle* at the bafe, 
in the triangles, PND, D FG, obtained by the 
complements, to transfer to, the plane. But fer 
condly, fuppofe the fpherical proportion is of the 
three fides, any two being given, the third may be 
alfo found at a fingle operation, in the feeond right- 
angled plane triangle, cm I, form'd as above. We 
have, for inftance, the hypothenufe and bafe, cl y cm t 
viz. the fecant of the fpherical hypothenufe and bafe 
gb,gk, to find, by the fth of right-angled plane trian- 
gles, the angle, c, at the center, which is the me*- 
fure of kb t the fide that was fought. And then 
again, if the hypothenufe, one leg, and the oppo- 
site angle be the fpherical parts given and required; 
or if the two angles and a leg be the parts given and 
required, we have only the former proportion of the 
three fides in the triangles, PND, DFG, obtained 
by the complements, t« transfer to the plane. Whence, 
the fix proportions of right-angled fpherical triangles 
being comprehended in this method, it is fully demon- 
strated, that all ths cafes of thefe triangles are fo to 
be refolved. 

Kkkz Th» 
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The fame might be deduced without the method 
of complements, but neither in fo fhort nor fatisfac- 
tory a way, and it fhall therefore be omitted. I have 
communicated this upon account of its perfpicuity, 
and fuppofing, that in an age fo greatly advanced in 
mathematical learning, the leaft hint of what is new 
would not be unacceptable. 
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Queen's Square, Weftminfier, 
May 7, 175a. 
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